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$\theta(x, t)$ , $F(k)$
$\langle\theta^{2}(x, t)\rangle=\int_{0}^{\infty}F(k, t)dk$
. $\nu$ $\kappa$ $Pr=\nu/\kappa$ ,
. 1,2 3 ,
$\kappa\sim\nu\ll 1$ - (inertial-convective range)
$F(k)=B_{I}$ $\overline{\chi}\overline{\epsilon}k^{-}1/35/3$ , (1)
$\nu\ll\kappa\ll 1$ - (inertial-diffusive range)
$F(k)=B_{ID\overline{x}k}\kappa^{-}\overline{\epsilon}31/3-1\tau/3$ , (2)
$\kappa\ll\nu\ll 1$ - (viscous-convective range)
$F(k)=B_{VC\overline{x}}(\nu/\overline{\epsilon})^{1/2}k^{-1}$ , (3)
. $\overline{\chi}$ $\overline{\epsilon}$
$B_{IC}$ , BID $B_{VC}$ , ALHDIA( $\mathrm{A}\mathrm{b}\mathrm{r}\mathrm{i}\mathrm{d}\mathrm{g}\mathrm{e}\mathrm{d}$ -Lagrangian-Histiry Direct Interaction AP-
proximation) 3,4 $\mathrm{L}\mathrm{R}\mathrm{A}$ ( $\mathrm{L}\mathrm{a}\mathrm{g}\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{g}\mathrm{i}\mathrm{a}\mathrm{n}$ Renormalized Approximation) 5-7
Lagrange . 1 .
2 ,
. 2 , 3
. LRA
. 7 (Inverse-energy cascade range)
$F(k)=c_{I}E\overline{\chi}\overline{\epsilon}k^{-\mathrm{s}}1/3/3$ (4)
, $\kappa\sim\nu<<1$ - (inertial-convective range)
$F(k)=c_{Ic\overline{\chi}\overline{\eta}^{-1/}}3k-1(\ln(k/k_{I}))^{-1}/3$ , (5)
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$\nu\ll\kappa.\ll 1$ - (inertial-diffusive range)
$F(k)=CID\overline{x}\kappa-32/3k\overline{\eta}-7(\ln(k/k_{I}))-1/3$ , (6)
$\kappa\ll\nu\ll 1$ - (viscous-convective range)
$F(k)=C_{V}c\overline{x}(\nu/\overline{\epsilon})^{1/2}k^{-1}$ . (7)
$C_{IE}=0.198,$ $C_{J}$ $=0.561,$ $C_{ID}=1.81,$ $c_{v}$ $=\sqrt{6}$ . (8)
.
(DNS)
. 3 $B_{IC}=0.4\sim 1.9$ , ALHDIA 0.208, 4 LRA
0.3406 . , 2 DNS Cv 5 ,
LRA 25 DNS . Lagrange
, $-$ ,
. - , ,
.
,
. 8 , ,
,




. , (Pure straining)
. , , 3 -
, Bv $(3.9\pm 1.5)$ (3.6) . 10
, 2 , DNS
. , DNS ,
. , - DNS ,
, $F(k)\propto k^{-1}$ , $Pr$ . , 2 -
DNS ,
. , DNS , -
Cv . 8 ,
(far diffusive rnage) , LRA LRA
$F(k)$ DNS . $1,4,7,11^{-}13$
II. LRA
, LRA . 5-7,14 $u(x, t)$
$\theta(x, t)$ .
$\frac{\partial u}{\partial t}+u\cdot\nabla u=-\nabla p+\nu\nabla 2\mathrm{t}l+fu$
’
$\nabla\cdot u=0$ , (9)
$\frac{\partial\theta}{\partial t}+u\cdot\nabla\theta=\kappa\nabla 2\theta+f_{\theta}$ , (10)
, $P$ , $\rho=1$ .
.
LRA Lagrange $\Psi$ :
$\Psi(y, t|X, t)=\delta d(y-Z(x, \mathit{8}|t))$ . (11)
$z(X, S|t)$ $s$ $x$ $t$ . $\Psi$
247
$( \frac{\partial}{\partial t}+u(y, t)\cdot\nabla)\Psi(y, t|_{X,s})=0$ ,
$\Psi(y, t|x, t)=\delta(y-x)$ .
(12)
(13)
$v(X, S|t)$ , $s$ $x$ $t$ . $\Psi$
$v(x, s|t) \equiv\int\Psi(y, t|X, S)u(y, t)dy$ (14)
. , $s$
labeling time (coordinate), measuring time . $\theta(X, S|t)$
-b $t$ .
LRA , 2 Lagrange 2
$Q_{ij}(x, t|x’, s)=\langle v_{i}(x, s|t)vj(x^{;}, S|s)\rangle$ , $t\geq s$ (15)
$\ominus(x, t|x’, S)=(\theta(x, s|i)\theta(xs|’,s)\rangle,$ $t\geq s$ (16)
,
$G_{ij}^{v}(x, t|X’, S) \equiv\langle\frac{\delta v_{i}(X,t|s)}{\delta f_{j}(_{X’,s})}\rangle$ , (17)
$G^{\theta}(x, t|x^{l}, S) \equiv\langle\frac{\delta\theta(x,t|s)}{\delta f_{\theta}(_{X^{l},s})}\rangle$ . (18)
.
, . ,
$F(k, t)$ LRA . 5-7,14 ,
$E(k, t)=\pi kQ(k, t, t)$ , $F(k, t)=2\pi k\ominus(k, t,t)$ , (19)
$\int_{0}^{\infty}E(k, t)dk=\frac{1}{2}\langle u^{2}\rangle$ . (20)
,
$2\kappa k^{2}F(k)=T_{\theta}(k)+D_{\theta}(k)$ , (21)
$T_{\theta}(k, t)= \frac{1}{2}\int_{0}^{\infty}dq\int_{||}^{kq}k-qt+dp1^{\tau_{\theta}}(k,p, q,)+\tau_{\theta(t)}k,$$q,p,] , (22)
$T_{\theta}(k,p, q)= \frac{4}{\pi}pq^{-2}\sin(p, q)D_{kpq}E(q)[kF(p)-qF(k)]$ , (23)
$D_{kpq}=I_{0}\infty(_{Q,S)}c^{\theta}(k, s)G^{\theta}(p, S)cvd_{S}$, (24)
. LRA (Fluctuation Dissipation relation)
$Q(k,t, s)=G^{v}(k, t, s)Q(k, s, s)$ , $t\geq s$ , (25)
$\ominus(k,t, s)=G^{\theta}(k,t, s)\ominus(k, S, s)$ , $t\geq s$ , (26)
, $\Theta(k, t, s)$ . ALHDIA , LRA
. 3 .
$\partial$
$( \frac{\partial}{\partial i}+\nu k^{2}+\mu(k, t))G^{v}(k, t)=0$ , $G^{v}(k, t=0)=1$ , (27)
$( \frac{\partial}{\partial t}+\kappa k^{2})G^{\theta}(k, t)=0$, $G^{\theta}(k, t=0)=1$ , (28)
248







. - , $G^{\theta}\approx 1$
, $\Pi_{\theta}(k)^{\text{ } }- \text{ _{ }}$ : 15
$\Pi_{\theta}(k)=-\frac{\pi^{2}}{2},k^{3_{\frac{\partial\ominus}{\partial k}}}\int_{0}^{\infty}dqq^{\mathrm{s}}Q(q)D_{kkq}$ . (32)
$D_{kkq}$
$\Pi_{\theta}(k)=-\frac{I_{1}}{8}k^{3}(\frac{\overline{\epsilon}}{\nu})^{1/2}\frac{\partial}{\partial k}(\frac{F(k)}{k})$ , (33)
$I_{1}=\kappa(\infty)$ , $\kappa(\tau)\equiv\int_{0}^{\mathcal{T}}f(\mathcal{T}’)d\tau^{J}$ , (34)
$f.( \tau)=2\int_{0}^{\infty}q^{2}E(q)G^{v}(q, \tau)dq/(\frac{\overline{\epsilon}}{\nu})$ . (35)
,\tau $=(\overline{\epsilon}/\nu)^{1/2}t$ . - $\Pi_{\theta}(k)=\overline{\chi}$
$F(k)=cVC \overline{x}(\frac{\nu}{\overline{\epsilon}})^{1}/2k^{-1}$ , $C_{V}$ $= \frac{4}{I_{1}}\approx\sqrt{6}$ . (36)
. 7
B.
$-\gamma_{\backslash }\iota$ , $T_{\theta}(k)$ , $F(k)$ $=$
$\overline{x}\kappa^{-1}k_{B}^{-3}\overline{F}(\hat{k})$
$- \frac{1}{4}\frac{\partial}{\partial\hat{k}}\Lambda(\hat{k})(\hat{k}\overline{F}(\hat{k})-\frac{\hat{k}}{2}\frac{\partial}{\partial\hat{k}}\hat{k}\overline{F}(\hat{k})\mathrm{I}=2\hat{k}^{2}\overline{F}(\hat{k})$ . (37)
$\Lambda(\hat{k})=2\int_{0}^{\infty}q^{2}E(q)Dkkqdq/(\frac{\overline{\epsilon}}{\nu})$
$= \int_{0}^{\infty}f(\mathcal{T})(G\theta(\hat{k},\tau))^{2}d_{\mathcal{T}\approx}\frac{1}{\beta+2\hat{k}^{2}}$ (38)
. $\hat{k}=k/k_{B},$ $k_{B}=(\overline{\epsilon}/\nu\kappa^{2})^{1/4}$ .
$kF(k)arrow 4/\Lambda(0)=c_{V}\text{ }$ , as $karrow 0$ , (39)
$\hat{k}\overline{F}(\dot{k})arrow 0$ as $\hat{k}arrow\infty$ . (40)
, $\hat{k}\gg 1$
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$\overline{F}(\hat{k})\propto\hat{k}^{-1-\delta 3}\exp(-2/2\hat{k}^{2})$ , $\delta=\frac{1}{2}+\sqrt{2}\beta$ , (41)
. , $F(k)$ LRA , Gauss . - ,
, $\Lambda(\hat{k})\approx 1/\beta$ $F(k)$
. 7,11,18 DNS , $F(k)$ .
III. DNS
DNS , 40962 . 8,16
.
$\Omega^{2}=\frac{1}{2}\langle\omega^{2}\rangle$ , $\overline{\eta}=\nu\langle(\frac{\partial\omega}{\partial x_{j}})^{2}\rangle$ , $R)$. $\equiv\frac{\Omega^{3/2}}{\overline{\eta}}$ , $R_{L}= \frac{u_{L}L}{\nu}\sim\frac{\langle u^{2}\rangle}{2\nu\overline{\eta}^{1/3}}$ . (42)
2 .
LRA $E(k)$ , DNS $E(k)$
. DNS $k^{2}E(k)$ . 2 (37) f(\tau )( )
( , ) . 3 (37) LRA
$\hat{k}\overline{F}(\hat{k})(\text{ })$ DNS . , $F(k)\propto k^{-1}$
. , LRA $C_{VC^{A}}^{LR}$ DNS $C_{Vc^{s}}^{DN}$ . DNS
$C_{V\text{ ^{}S}}^{DN}$
503 $(Pr=20)$ , 4.98 $(Pr=100)$ , 5.11 $(Pr=1000)$ , (43)
, $C_{Vc^{s}}^{DN}$ P . 4 $F(k)$ .
$(k/k_{B})^{2}$ . LRA DNS ,
$F(k)$ Gauss . , LRA , DNS
. DNS , $Pr$
.
IV.
, LRA(ALHDIA) $B$ $C$
, LRA(ALHDIA)
. $-$ , Kolmogorov
LRA(ALHDIA) 1.72(1.77) . 6,19 ,
$D_{kkq}$ . LRA 2
. , $\theta(x, S|t)$ measuring time
$\frac{\partial\theta(X,S|t)}{\partial l}=\kappa\int\Psi(y, t|x, S)\nabla^{2}\theta(yy’)tdy$ (44)
. , $\kappaarrow 0$ $\ominus(k, t, s)$ $G^{\theta}(k, t, s)$ $t-s$
. , Lagrange ( ,




. , . 8
A. Euler
. 20
$\Theta^{(1)}(r, t, s)\equiv(\theta(x, r, S|t)\theta(x, s|s))$
$= \langle\int\Psi(y-r, t|x, s)\theta(y, t)dy\theta(x, s)\rangle$ . (45)
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$t.=s$ Euler 2 . (16) , $r$
. , $L(\gg r)$ $\Psi$ , $r$ $-’\mathrm{s}$
. , Belinicher $\mathrm{L}’ \mathrm{v}\mathrm{o}\mathrm{V}^{21}$
Lagrange , $r_{0}$ , (45)
. , $\kappa=0$ $G_{1}^{\theta}$ 0.4 BI . ,
$F(k, t)$ $G_{1}^{\theta}$ .
B. Lagrange
$\theta_{i}(X, t)=\partial\theta(x, t)/\partial x_{i}$
$\frac{D\theta_{i}}{Dt}=-\frac{\partial u_{j}}{\partial x_{i}}\theta_{ji}+\kappa\nabla^{2}\theta$ (46)
. , $f_{\theta}=0$ .
, Lagrange .
$\ominus_{ij}(2)(x-X’, t, s)\equiv\langle\theta_{i}(X, S|t)\theta_{j}(X;, s|.9)\rangle$
$= \langle\int\Psi(y, t|x, s)\theta_{i}(y, t)dy\theta_{j}(_{X’,S})\rangle$ (47)
Lagrange . $t-s$ .
, $\ominus_{ii}$ )($(2t-S)$
$\ominus_{ii}(2)(0, t-s)=C_{0}+C_{1}(t-S)+C_{2}(t-s)2/2+\cdots$ (48)
. $t=s$ Gaussian ,
, , $C_{1}=C_{2}=C_{3}=0$ . $\ominus_{ii}(2)(\mathrm{o}, t-s)$ $O((t-S)^{4})$ . - ,
$(\theta_{i}(x, s|t)\theta_{i}(X, S|t)\rangle$ $(t-2)^{2}$ ( , $\theta_{i}$ ,
). $\ln|\theta_{i}(X, slt)|$ , $\theta_{i}(X, S|t)$
. , $\ominus_{ij}(2)(\mathrm{o}, t, S)$ $t-s$
, .
C. LRA 4
LRA , $\lambda$ (9) (10) , $0$
$\lambda$ . , $\lambda$ 2 .
, $\lambda$ , - ,
, $G^{\theta}\approx 1$ , $\lambda$ . 4 .








. , Euler La-
grange , . 10,22
$W_{ij}(x, s|t) \equiv\int\Psi(y, t|X, S)\frac{\partial u_{i}(y,t)}{\partial y_{j}}dy$ , (49)
$W=(W+W^{T})/2+(W-W^{T})/2\equiv B+A$ . (50)
, $T$ .
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$B_{ij}(x, s|t)= \frac{1}{2}\int\Psi(y, t|x, S)(\frac{\partial u_{i}}{\partial y_{j}}+\frac{\partial u_{j}}{\partial y_{i}})dy$,




$V\equiv UBU^{T}$ . (53)
$U$
$\frac{\partial U}{\partial\theta}=-UA$ , $U(0)=I$ (54)
(I ). $V$ ,
, Lagrange .
2
$V=U(\Psi*E)U\equiv Tc*E$ , $E=(\nabla u+(\nabla u)\tau)/2$ (55)
. $\mathcal{L}$ – Lagrange , Euler
Lagrange .
LRA - (32)
$\langle\frac{\partial v_{i}(x,s|_{S}+\tau)}{\partial x_{j}}\frac{\partial v_{j}(x,s|_{S})}{\partial x_{i}}\rangle=2\int_{0}^{\infty}q^{-}’ E(q)cv(q, \tau)dq$ (56)
. , – labeling ,
Lagrange . Lagrange
( $V_{ij}(_{X,s}|t)V_{j}i(_{X,s|s)}\rangle$ (57)
, . , 3
- , $B_{V}$ $=3.6$ . 10,17 ,
$3.6\pm 1.5$ . , (57)
.
((16) (18)) , Lagrange
(57) Rotation-Invariant strain based LRA (RI-LRA) . LRA
,
. , LRA , .
, Lagrange , measuring time ,
, .
V. Lagrange
Lagrange $(\mathrm{T}\mathrm{r}V(x, s|S+t)V(x, s|s)\rangle$
$(\mathrm{T}\mathrm{r}V(x, S|s+t)V(x, s|s)\rangle=C_{0}+C_{1}t+C_{2}t^{2}/2+\cdots$ , (58)
. Tr . $W$ , $\Psi$ $u$ , $t=s$
– Gaussian , $C_{0},$ $c_{1},$ $C_{2}$ , $E(k)$
;22
$C_{1}=- \nu\int_{0}^{\infty}k^{4}E(k)dk$ , (59)
$C_{2}=2(C_{2A}+C_{2B})$ , $C_{2A}=- \frac{3}{2}\Omega^{4}$ , $C_{2B}=-( \frac{7}{4}-4\sigma)\Omega 4$ , (60)
$\sigma=\int_{0}^{\infty}dq\psi^{2}E(p)\int_{0}^{p}dqK(q/p)q^{2}E(q)/\Omega^{4}$ , (61)
$K(x)=K(1/x)=b(b^{2}-1)3/2-b^{2}(b2-3/2)$ , $b=(x+1/x)/2$ . (62)
252
, $t$
$( \mathrm{T}\mathrm{r}V(_{X}, S|s+t)V(X, s|s)\rangle\approx\Omega^{2}\exp(-c_{1^{\mathcal{T}}}-\frac{c_{2}}{2}\tau^{2})$ , $\tau=(\overline{\epsilon}/\nu)^{1/2}t$ , (63)
$c_{1}= \frac{1}{\sqrt{2}R_{\lambda}}$ , $c_{2}= \frac{13}{4}-4\sigma$ . (64)
. , $f(\tau)$ .
$I_{1}’= \int_{0}^{\infty}f(\tau)d\mathcal{T}\approx\int_{0}^{\infty}\exp(-C_{1}\tau-\frac{c_{2}}{2}\tau^{2})d_{\mathcal{T}}$ . (65)
, DNS $E(k)$ ,
$c_{1}\approx 0.282$ , $c_{2}\approx 2.06$ , $\sigma\approx 0.298$ , (run 3) (66)
. , $I_{1}’=0.762$ $c_{vc}$
$C_{V\text{ }^{}R}I-LRA\approx 5.25$ (67)
. DNS $C_{VC}^{DNS}=5.11$ .
3 4 , (67) (39) , (37) $\hat{k}\overline{F}(\hat{k})$ . ,
DNS . $F(k)$ Gauss . DNS
. 5 $\overline{F}(\hat{k})$ . - RI-LRA \ddagger $\overline{F}(\hat{k})$
DNS , .
VI.
, Lagrange LRA , $Pr$





. - RI-LRA $F(k)$ DNS , .
, $F(k)$ Gauss , DNS
. , , . 16,24
Herring . ,
, .
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Fig 1 $\nu^{-5/}\overline{\epsilon}(41/4k/k_{d})^{2}E(k)$ by DNS. Dash dot-
ted line: run 1, $R_{L}=14.6$ , dotted line: run 2,
$R_{L}=12.6$ , dashed line: run3, $R_{L}=10.6$ .
TABLE I. Various constants for the passive scalar
spectrum in three dimensions. \dagger : Hillg, \ddagger : Grant $et$
al. 25, $*\mathrm{C}\mathrm{h}\mathrm{a}\mathrm{S}\mathrm{n}\mathrm{o}\mathrm{V}$ et al. .26
$\overline{\overline{B_{Ic}B_{ID}BVc}}$
$\mathrm{E}\mathrm{x}\mathrm{p}$ .or$ t rm{D}\mathrm{E}\mathrm{x}\mathrm{p}\mathrm{N}\mathrm{S}\ovalbox{\tt\small REJECT}$or DNS0.4\sim $1.9^{\mathrm{T}}$ $0.39\pm \mathrm{o}.03^{*}$ $3.9\pm 1.5$
ALHDIA4 0.208 0.590 smaler than 0.9
SBALHDIA17 2.0
$\mathrm{L}\mathrm{R}\mathrm{A}^{6,7}$ 0.340 0.573 $\sqrt{10/3}$
Fig.2 Comparison of $f(\tau)$ and $\kappa(\tau)$ . Solid line:
$f(\tau)$ by LRA, dashed line: $\kappa(\tau)$ by LRA. Heavy solid
line: $f(\tau)$ by RI-LRA, heavy dashed line: $\kappa(\tau)$ by
TABLE II. DNS parameters and numerical values by RI-LRA. Run 3, $R_{L}=10.6$ .
the theories. $N$ : resolution, $k_{\max}$ : maximum wavenum-
ber, $\nu$ : kinematic viscosity,
$\frac{\mathrm{r}\mathrm{u}\mathrm{n}1\mathrm{r}\mathrm{u}\mathrm{n}2\mathrm{r}\mathrm{u}\mathrm{n}3}{Pr201001\mathrm{o}\mathrm{o}0}$
$N$ 10242 20482 40962
$k_{\max}$ 483 965 1931
$\nu$ 0.01 0.01 0.01
$\kappa$
$5\cross 10^{-}4$ $1\cross 10^{-4}$ $1\cross 10^{-}$
$R_{L}$ 14.6 12.6 10.6
$\Omega$ 0.973 0.727 0.573
$k_{d}$ 118 110 104
$k_{B}$ 52.8 110 324
$\frac{C_{VC}^{DNs}5.034.985.11}{\sigma 0.2980.\mathrm{s}100.298}$
$I_{1}$ 1.78 1.74 1.70
$\sim w$
$I_{1}’$ 0.785 0.787 0.762
$C_{VC}^{LRA}$ 2.25 2.30 2.36 Fig.3 Comparison of $(k/k_{B})\overline{F}(k/k_{B})$ , Solid line:
$C_{Vc}^{RI-L}RA$ 5.10 5.08 5.25 RI-LRA, heavy dashed line: LRA. DNS; dash dot-
ted line: $Fr=20$, dotted line : $Pr=100$, dashed
line : $Pr=1000$.
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Fig 4 Plot of $(k/k_{B})\overline{F}(k/kB)$ against $(k/k_{B})^{2}$ . Fig 5 Comparison of $\overline{F}(k/k_{B})$ with DNS. Solid
Solid line: RI-LRA, heavy dashed line: LRA, DNS; line: RI-LRA, DNS; dash dotted line: $Pr=20$, dot-
dash dotted line: $Pr=20$ , dotted line : $Pr$
)
$=100$ , ted line : $Pr=100$ , dashed line : $Pr=$ 1000.
dashed line : $Pr=$ 1000.
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